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1. Introduction
A detailed description of the Green’s function solution for 
classical thermal conduction applications is given in Beck et al. 
[1]. Several studies reported in the literature also contain the 
Green’s function solutions to study the heat transfer to mov-
ing fluids in different fluid passages. Nagasue [2] presents a 
Green’s function solution in order to study the heat transfer 
to fluid flowing in circular passages with specified wall tem-
perature or specified wall heat flux. The contribution of axial 
conduction is included in the study reported in [2]. The con-
tribution of axial conduction in a moving semi-infinite solid is 
presented in [3] using a step change in the surface temperature 
and is given in [4] for a step change in the wall heat flux. Tiselj 
et al. [5] includes the contribution of axial conduction to study 
heat transfer in micro-channels. In the absence of axial conduc-
tion, the Green’s function solution is used in [6] to determine 
the contribution of frictional heating in fluid flowing through 
triangular passages.
Basic studies related to the contribution of axial conduc-
tion in different fluid passages are reported in [7–11]; these 
studies use the boundary conditions of the first kind with an 
abrupt change in the wall temperature. The contribution of ax-
ial conduction in rectangular passages is studied in [12] us-
ing the weighted residual method that is based on variational 
calculus. The contribution of axial conduction in the presence 
of the boundary conditions of the second kind is reported in 
[13, 14]. When the moving medium is a fluid flowing through 
a metallic porous passage, the contribution of axial conduc-
tion greatly influences the rate of heat transfer. Numerically 
acquired heat transfer data, in the presence of axial conduc-
tion, are presented in [15–17]. An analytical solution that uses 
an extended Graetz procedure is presented in [18] and an as-
ymptotic solution that provides accurate information near the 
entrance location is given in [19].
The Green’s function for determination of steady-state tem-
perature is available in the literature. Yen and Beck [20] presents 
a Green’s function formulation and solution for three-dimen-
sional steady-state heat-conduction problems in a two-layered 
body. Cole [21] describes the fin effect in the Green’s function 
solution for temperature and the procedure is extended in Cole 
[22] for determination of the effect of periodic heating.
The development of a steady-state Green’s function solu-
tion equation for the energy equation in a moving body, with 
basic variables in their most general form, is the subject of this 
presentation. Useful applications include the study of heat 
transfer to fluid flowing in micro-channels and in fluid-satu-
rated porous ducts. Before developing the Green’s function so-
lution for these applications, it is appropriate to itemize cer-
tain assumptions to be used in the forthcoming formulation:
1. There is a local thermal equilibrium condition throughout 
the medium.
2. The velocity of the moving medium, shown in Figure 2, is 
independent of the axial coordinate x, but it can depend 
on other coordinates, u = u (y, z).
3. There is no mechanical compression of the domain.
4. The thermophysical properties are independent of the ax-
ial coordinate.
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5. The steady-state condition exists throughout the medium.
6. The thermophysical properties are independent of 
temperature.
2. Steady-state energy equation
The mathematical formulation of the steady-state Green’s 
function solution must satisfy the energy equation in its gen-
eral form,
(1)
Here, S(x, y, z) is the volumetric heat source, C = ρcp is the ther-
mal capacitance, k is the thermal conductivity, and u is the ve-
locity of the moving body. The term ω2T is often known as the 
fin effect and it also emerges during steady-periodic heating as 
described in Cole [23]. Functional dependences are indicated 
by C = C(y, z), k = k(y, z), and u = u(y, z) while each remains 
independent of the axial coordinate x. Using these specified 
conditions and for convenience of mathematical formulations, 
Equation (1) is rewritten as
(2)
As a shorthand notation, the first two terms on the left side of 
Equation (2) are designated as ∇·(k∇T). The second term on the 
right side of Equation (2) describes the contribution of axial con-
duction of heat. Then, the more compact form of Equation (2),
(3)
is used in the subsequent mathematical formulations.
For a moving solid, the velocity u is a constant equal to U; 
however, k and C could depend on y and z. This methodol-
ogy is equally applicable to a moving fluid when the velocity 
u = u(y, z) is fully developed within a channel. Before present-
ing solutions for specific problems, the emphasis of this work 
is to formulate the Green’s function solution and find suitable 
methods of acquiring the Green’s function. Later, this method-
ology is applied to specific examples to be followed by numer-
ical information.
3. Green’s function solution formulation
The first task is to establish a definition for the Green’s 
function. The next task is to present the Green’s function so-
lution formulation followed by a method for determination of 
the Green’s function.
As shorthand notations, let r and r′ be the position vectors 
within the medium’s y–z-plane and let G stand for the Green’s 
function G(x, r|ξ, r′). Here, both x and ξ represent the axial co-
ordinate while r stands for the (y, z) coordinates. As usual, the 
Green’s function describes the temperature at point (x, r) due 
to an energy pulse that occurs at the (ξ, r′) location. Now, it is 
appropriate to formulate a methodology for finding the ther-
mal response at location (x, r) when there is a source located 
at (ξ, r′).
For a domain depicted in Figure 1, the Green’s function 
relation that includes the contribution of an energy source 
Cδ(r − r′)δ(x − ξ) is the partial differential equation
(4)
wherein δ represents the Dirac delta function. In this definition 
the Green’s function has units of s/m3. The Green’s functions 
for different bodies are commonly obtained with specified ho-
mogeneous boundary conditions. Then, using the acquired 
Green’s function, one can use the Green’s function solution to 
get numerical information for related problems with non-ho-
mogeneous boundary conditions.
The process of developing the Green’s function solution be-













A area of cross-section (m2)
Bm constants in series solution
C thermal capacitance (J/m3 K)
fm, gm eigenfunctions
G Green’s function
H half thickness of the medium (m)
Li PolyLog function
Lc	 characteristic length (m)
k thermal conductivity (W/m K)
Kmax maximum │λm││x‾│ in a series
m, n indices
N number of terms
Nm the norm
Pe Peclet number, CULc/k
q(x, y) heat flux (W/m2)
qw wall heat flux when x > 0 (W/m2)
r position vector (m)
T temperature (K)
Ti wall temperature when x → −∞ (K)
Tw wall temperature, K
u velocity (m/s)
U average velocity (m/s)
W plate width (m)
x axial coordinate (m)
x‾ (x/Lc)/Pe
y, z coordinates (m)
y‾ y/Lc
Greek symbols
α	 thermal diffusivity (m2/s)
βm |λm| when λm < 0 (m−1)
γm y-direction eigenvalue (m−1)
Γ	 boundary of the domain (m)
θ	 reduced temperature (K)
λm eigenvalues (m−1)
ν	 a constant integer
Ψ1, Ψ2 see Equations (44a) and (44b)
ω2 constant in Equation (1) (W/m3 K) 
Figure 1. Schematic of a moving domain and the coordinate system.
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and changing the axial coordinate x to ξ and ξ to x. Then, after 
appropriate substitutions, Equation (4) becomes
(5)
where ∇o is now the “grad” operator in the r′ space. Moreover, 
the diffusion equation, Equation (3), in (ξ, r′) space takes the 
form
(6)
Now, multiplying Equation (5) by −T and Equation (6) by G 
and then adding the resulting relations produces the equation
(7)
Using standard procedures in [1, Section 10.2.6], both sides of 
Equation (7) are integrated over cross-sectional area A with r′ 
representing the spatial variables and integrated over ξ from 
ξ = ξo to ∞. Then, using the application of the Green’s theorem, 
one gets the desired form of the steady-state Green’s function 
solution equation for axial flow in x-direction
(8)
where A stands for the cross-section of the domain in y–z-
plane and Γ is its perimeter, see Figure 1. It is to be noted that 
both G|ξ→∞ and ∂G/∂ξ|ξ→∞ vanish, as ξ → ∞. On the right side 
of Equation (8), there are three contributions within Equation 
(8): (1) the boundary condition effects are in the first term, (2) 
the volumetric heat source effect is in the second term, and 
(3) the last three terms describe the effects due to the entrance 
conditions.
Once the Green’s function is known, Equation (8) can pro-
vide the temperature solution within the material domain. 
The determinations of the Green’s function for a few special 
cases are the considered next. Different boundary conditions 
are considered in the forthcoming formulations; e.g., the first 
kind for prescribed surface temperature and the second kind 
for prescribed surface heat flux.
4. Green’s function determination
The method of Green’s function determination depends on 
the specific geometry. Several approaches are available for sta-
tionary solids with one given in [20]. Reference [20]provides a 
method for deriving Green’s function with other convergence 
characteristics. A standard practice for determination of the 
Green’s function is to acquire a temperature solution hypoth-
esizing that the conditions T(0, y, z) and ∂T(x,y,z)/∂x|x=0 are 
prescribed, in the presence of homogeneous boundary con-
ditions. Then, the Green’s function is obtainable by compar-
ing this temperature solution with the corresponding terms 
in Equation (8). Herein, consideration is given to the moving 
bodies having uniform cross-section profiles. For this applica-
tion, a solution commonly has the form of an infinite series. 
Then, in the absence of a volumetric heat source and for ho-
mogeneous boundary conditions of the 1st, 2nd, and 3rd kind, 
as described in [1, Chapter 10], one can consider a temperature 
solution in its basic dimensional form as
(9)
The form of this equation ensures exponential convergence 
provided x is not equal to zero. Also, it is necessary to find the 
derivative of T(x, y, z) as
(10)
For determination of Bm, these two relations, Equations (9) 
and (10)(9) and (10), at x = 0 location become
(11a)
(11b)
The orthogonality condition, Equation (A.9a), in Appendix 
A, suggests multiplying both sides of the first equation by 
(kλn + Cu)fn(y, z)dy dz, both sides of the second equation by 
−kfn(y, z)dy dz, and then adding the resulting relations to get
(12)
Next, for a specified index n, one can integrate both sides of 
this equation over the cross-sectional area and then use the or-




where dA = dy dz and m = n in this orthogonality process. The 
parameters x, y, z in this equation are dummy variables and 
they are replaced by ξ, y′, and z′ in the next relation. Then, after 
substitution for Bm from Equation (13a) in Equation (9), a re-
duced form of Equation (9) is
 
(14)
where dA′ = dy′dz′. This equation also yields the temperature 
distribution when x < 0 by using the negative λm values. By se-
lecting x to have a negative value, it introduces a negative sign 
before velocity u, replaces λm with −βm, and it will add a neg-
ative sign to the last term because ξ-direction changes as x-di-
rection changes.
The temperature solution as given by Equation (14) is now 
compared to the Green’s function solution equation as given 
by Equation (8) when ξo = 0. Then, for a domain having homo-
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geneous boundary condition and without any volumetric heat 
source, Equation (8) keeping only the last three terms with ba-
sic variables becomes
(15)
Since the coefficient C(y, z) on the right side of Equation (15) 
is independent of y′ and z′, it can be moved inside of the in-
tegrals and combined with the function G = G(x, y, z|ξ, y′, z′) 
Accordingly, Equations (14) and (15)(14) and (15) become the 
same when G/C(y, z) takes the form
(16a)
wherein the norm Nm, as given in Appendix A, is
(16b)
It is to be noted that this Green’s function relation is appli-
cable to the case when an energy pulse appears at x = ξ loca-
tion and its effect is sought at other locations when x − ξ > 0. 
Also, as stated earlier, this Green’s function relation is appli-
cable to the case when x − ξ < 0 after replacing λm with −βm 
in Equations (16a) and (16b) and changing Nm in Equation 
(16a) with Nm,1 that becomes −Nm. This formulation implies 
that this Green’s function solution with the Green’s functions 
as defined in Equation (16a) is applicable to a moving body 
having boundary conditions of the first kind, second kind, or 
third kind, once appropriate eigenfunctions and correspond-
ing eigenvalues are determined for that specific moving body. 
Therefore, this methodology is applicable to the study of tem-
perature field in moving solids and to moving fluids in differ-
ent passages including micro-channels.
5. Effect of boundary conditions
The Green’s function solution, as given by Equation (8), is 
applicable using various non-homogeneous boundary condi-
tions. However, two types of boundary conditions are being 
considered for this presentation: the first kind and the second 
kind.
5.1. Boundary conditions of the first kind
As a test case, for verification of the aforementioned proce-
dure, consider a constant capacitance C and a constant thermal 
conductivity k. Also, assume this moving body has a uniform 
temperature equal to Ti when x = −∞. It is appropriate to use 
a reduced temperature T − Ti with its derivative ∂T/∂ξ=0 at 
x = −∞. Furthermore, for the boundary conditions of the first 
kind, the Green’s function G = 0 at the boundary and then a re-
duced form of Equation (8) when ξo = −∞ and S(x, y, z) = 0 is
(17)
The wall temperature Tw(x) in Equation (17) is selected to be 
independent of y and z. For this case, the Green’s function has 
two distinct forms, which are:
(18a)
when λm < 0 for ξ > x and
(18b)
when λm ≥ 0 for ξ < x. When λm < 0, let βm = |λm|, 
gm(y, z) = fm(y, z), and Nm,1 = Nm in the below relations, for con-
venience of mathematical formulation. Then, the substitution 
of the Green’s function from Equations (18a) and (18b) into 
Equation (17) produces the temperature solution as
(19)
Furthermore, let Tw(x) = Ti when x < 0 and Tw(x) = Tw, as a con-
stant, when x ≥ 0 and then, the above equation, when x < 0, re-
duces to
(20)
while when x > 0, the solution has the form
(21)
To compare Equations (20) and (21)(20) and (21) with the ex-
isting solutions given in [18], the contour integrals can be con-
verted to volume integrals. To perform this task, one can sub-
stitute fm(y, z)exp (−λmx) from Equation (9) into Equation (3) 
with ω2 = 0 and S(x, y, z) = 0 to get the relation
(22)
The integration of Equation (22) over the cross-sectional area A 
and after using the divergence theorem provides the relation
(23)
for positive and negative values of λm. To verify the accuracy 
of this solution obtained by the application of the Greens func-
tion, it is possible to acquire a solution for this special case by 
an existing procedure presented in [9, 10, 18]. For this moving 
body, it is customary to define two reduced solution functions
when                                     (24a)
and
when                                     (24b)
The first function θ1(x, y, z) is the solution of the energy equa-
tion assuming θ1 = 0 at x = −∞ while, at the wall, θ1 = 0 when 
x < 0. Next, the second function θ2(x, y, z) is for the x ≥ 0 con-
dition. It is to be noted that at x = 0, the continuity of tempera-
ture T(x, y, z) requires the condition that
θ2(0,y,z) = θ1(0,y,z) – (Tw – Ti)                       (25a)
while the continuity of heat flux at x = 0 makes
(25b)
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Then, these two compatibility conditions in conjunction with 
the orthogonality condition from Equation (A.6), when λm < 0 
for x < 0, would provide the solution for θ1, using Equation 
(A.1),
(26)
Next, the Green’s function solution, after using Equations (20) 
and (23), produces the relation
(27)
which is the same as the existing solution given by Equation 
(26). The denominator in this equation is designated as Nm.1 
and it is the norm obtainable from Equation (A.9b) of Appen-
dix A when βm = −λm while λm < 0.
Repeating the process that produced Equation (26) for the 
case when λm > 0 for x > 0, would provide the solution for 




The denominator in this equation is designated as Nm, as given 
by Equation (A.9b) of Appendix A. The Green’s function solu-
tion after combining Equation (21) and Equation (23) becomes
(29a)
Next, the integral over ξ is evaluated to get
(29b)
that can be written as
(30)
By placing Equations (27) and (28) into Equation (25a), it is to 
be noted that the sum of the first two terms on the right side of 
Equation (30) is equal to 1 which is also the limiting condition 
as x → ∞; therefore, Equation (30) is the same as Equation (28)
5.2. Boundary conditions of the second kind
The procedure in previous section for boundary conditions 
of the first kind can be modified to get a solution when the 
boundary condition is of the second kind. As in the previous 
case, S(x, y, z) = 0 and the entrance condition is at a ξo = −∞ lo-
cation. When the input heat flux is k∂T/∂n at the wall, the tem-
perature solution is obtainable from the Green’s function con-
tribution as given by the first term in Equation (8); that is
(31)
when q = k∂T/∂n is the heat flux entering the body. The func-
tional form of the Green’s function is given by Equations (18a) 
and (18b) with appropriate eigenfunctions and eigenvalues. 
The wall heat flux in Equation (31) can depend x, y, and z. 
When the wall heat flux depends only on the axial coordinate, 
q = qw(x), the temperature solution becomes
(32a)
wherein λm can be positive or negative. Then, the general solu-
tion when λm ≤ 0 for ξ > x and when λm > 0 for ξ < x takes the 
form
(32b)
The norm Nm is for positive λm and the norm becomes Nm,1 = −
Nm when λm is negative in the definition of Nm and they are ob-
tainable from Equation (16b).
6. Comments and discussion
The procedure for determination of eigenvalues λm de-
pends on the specific geometry and the functional form of 
thermophysical properties. For regular geometries with con-
stant thermophysical properties and constant velocity U, 
Equation (22) can be written as
(33a)
wherein fm(y, z) satisfies the specified homogeneous bound-
ary conditions. Accordingly, one can determine the function 
fm(y, z) and the parameter γm. Then, eigenvalues are deter-
mined from the relation
(33b)
in Equation (33a) and they are
(33c)
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wherein Pe = CULc/k. This procedure is valid for moving bod-
ies having regular geometries. As illustration, for a parallel 
plate with prescribed heat flux with insulated walls at y = ±H, 
this procedure when Lc = H produces fm(r) = cos(γmy/H) with 
γm = mπ. Further details related to this special case are in-
cluded in the numerical example to appear next. For a moving 
solid cylinder with radius ro and Lc = ro, the eigenfunction is 
fm(r) = J0(γmr/ro). Then, the parameter γm becomes the mth root 
of J0(γ) = 0 for a boundary condition of the first kind at r = ro. 
For a boundary condition of the second kind at r = ro, the pa-
rameter γm becomes the mth root of J1(γ) = 0. It is to be noted 
that Γ = 2πro in Equations (32b) and the norm Nm is to be deter-
mined from Equations (A.8b) and (A.9b) following integration 
over the cross-sectional area with dA = 2πr dr.
When velocity u is position dependent, it is possible to de-
termine the eigenfunctions and eigenvalues in certain applica-
tions such as flow between two parallel plates and within cir-
cular passages. As discussed earlier in Section 1, an extended 
Graetz-type solution has been used to accomplish this task in 
[7–11, 18]. When the thermophysical properties are position de-
pendent, the method of weighted residuals [12] would directly 
produce the positive and negative eigenvalues, numerically.
7. Numerical examples
Several solutions for moving plates and moving cylinders are 
given in [4]. These solutions are for constant thermophysical 
properties and for constant velocity u = U. To verify the accu-
racy of this Green’s function solution, consideration is given 
to the case of moving a plate with thickness 2H. This plate is 
travelling with a uniform velocity U over a region that pro-
vides the heat flux on the walls at y = ±H,
                                             when
                                             when                                                 (34)
For this moving plate with the walls 2H apart, the eigenfunc-
tion is cos(γmy‾ ) with y‾ = y/H and γm = mπ. Using the Green’s 
function solution in two-dimensional space (x, y), the temper-
ature solution from Equation (32a), when x < 0, takes the form
(35a)
where βm=|λm| when λm < 0 from Equation (33c) and W is the 
width of the plate. This summation begins at m = 0 mainly to 
include the effect of a constant eigenfunctions. Since W also 
appears in the definition of Nm from Equation (A.8b) where 
dA = Wdy, it is appropriate to set W = 1 in this example. As 
stated earlier, the subscripts 1 in Nm,1 refer to the norms for 
negative eigenvalues. Using Lc = H and the dimensionless pa-
rameters x‾ = (x/H)/Pe with Pe = CUH/k, the Green’s function 
solution, from Equation (35a), takes the form
(35b)
The dimensionless form of the eigenvalues, as given in Equa-
tion (33c) for λm < 0, defined as βˆm = │λm│H Pe, is
(36a)
and for λm > 0, defined as λˆm = λm H Pe, is
(36b)
Next, multiply the numerator and the denominator of the co-
efficient in Equation (35b) by λˆm and then replace λˆm βˆm  by 
their product from Equations (36a) and (36b) to get
 
Also, it is to be noted from Equations (36a) and (36b) that  βˆm – 
λˆm = Pe2; therefore, the term 2βˆm – Pe2 in this relation can be re-
placed by  βˆm + λˆm to get the related coefficient
to be inserted in Equation (35b). Then, the final solution takes 
the form
(37)
which is identical to the one presented in [4, Equation (34a)].
Also, the temperature solution when x ≥ 0 is obtainable 
from Equation (32b) that takes the form
(38a)
The first two terms on the right side of Equation (38a) are the 
contributions of the first eigenvalues in Equations (32a) and 
Equation (32b), when m = 0. In the dimensionless form, Equa-
tion (38a) becomes
(38b)
that reduces to take the form
(38c)
The first summation on the right side of this equation is read-
ily available in Reference [1, Equation (6.79)]; that is
(39)
After substitution for this summation, Equation (38c) reduces to
(40)
which is the same as the solution given in [4, Equation (34b)]. 
Both Green’s function solutions by Equations (37) and (40) 
confirm the accuracy of this methodology and its future appli-
cation to more complex problems.
The summations within Equations (37) and (40) are dif-
ferent; however, they are similar and exhibit similar conver-
gence characteristics. When the coordinate y‾  = 0, both series 
are alternating and they converge with an error of less than 
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1/N2 where N represents the upper limit of the summation, 
N = max(m). As the coordinate x‾ increases, this error exponen-
tially decreases and becomes equal to zero as x ‾ → ∞. However, 
as y‾ increases toward its unit value, the alternative nature of 
these two series solutions will diminish and the expected error 
will increase. A remedial procedure to improve convergence, 
when y‾ = 1, appears later.
As a test of convergence, the numerical values for Equation 
(40) are found for the number of terms determined from the 




The number given using this equation takes advantage of ex-
ponential convergence nature of Equation (38b) provided x 
is not equal to zero and it augments the contribution of  γ2m 
= (mπ)2 within the summation. If Kmax = 11.5, then the error 
in the summation in Equation (38b) will be reduced by ~10−5 
since exp(−11.5) ≈ 0.0000101. Then, the value of N = max(m) is 
selected by Solving Equation (41) for N, that is
(42)
The temperature solutions for y‾ = 1 with designated number 
of terms, obtained from this equation, are in Table 1 while the 
inaccurate digits are underlined. In practice, it is not neces-
sary to use Kmax = 11.5, which indeed does give accuracy bet-
ter than 0.00001 due to the contribution of 1/γ2m. For that rea-
son temperatures are computed using Kmax = 2.5, 5 and 7.5. 
For the summation given by Equation (40), the number of 
terms as given tends to be quite conservative. Instead of need-
ing Kmax = 11.5 to get errors less than 10−5, one can use a much 
smaller value of Kmax, even as small as 2.5. With this value of 
Kmax, less than 20 terms are needed for x‾ greater than 0.05. 
In fact, less than 10 terms are needed for x‾ greater than 0.1. 
This convergence criterion shows that the required number of 
terms depends upon the size of x‾ and can be as small as 1 and 
up to the 1000s.
The above method of solution is particularly effective for 
x‾ > 0.005. When the axial coordinate x‾  has small values, an-
other method is needed which utilizes the nature of the solu-
tion when x‾  1. To show the convergence behaviors of Equa-
tions (37) and (40), they can be written as
(43a)
when x‾  ≤ 0, and
(43b)





wherein βm replaces |λm| when x‾ < 0. A Fourier series analy-
sis shows that, at x‾ = 0, the function Ψ1 has an exact value
 
and it provides Ψ1 = −1/12 at y‾ = 0 and Ψ1 = 1/6 at y‾ = 1. The 
main task is to further elaborate on the general convergence 
behaviors of these two series for N = max(m) terms in each se-
ries. Combining parameters  βˆm  and λˆm from Equations (36a) 
and (36b) produces the parameters βˆm – λˆm = Pe2 and βˆm + λˆm = 
Pe2 [1 + (2mπ/Pe)2]1/2. Additionally, when the quantity 2Nπ/
Pe  1, one can get a single approximate value of max(|λm|) 
≈ NπPe from Equations (36a) and (36b), and for the worst-case 
scenario, when y‾ = 1, the error for the functions Ψ1 is
(45a)
and for function Ψ2 is
(45b)
To accurately estimate the above summation, consider m to 
be a continuous function f (m) = 1/mν. Next, the function f (m)
Δm = Δm/mν represents an infinitesimal area and the total dis-
cretized area below f (m) line is
Table 1. Convergence behavior of the Green’s function solution, Equation (40), for Pe = 2. 
(x/H)/Pe N (Kmax = 2.5) k(Tw – Ti)/qwH N (Kmax = 5) k(Tw – Ti)/qwH N (Kmax = 7.5) k(Tw – Ti)/qwH
0.0001 7959 0.38010660 15,916 0.38010659 23,874 0.38010659
0.0002 3980 0.38064788 7959 0.38064786 11,937 0.38064786
0.0005 1592 0.38211299 3184 0.38211293 4775 0.38211293
0.0010 797 0.38430958 1592 0.38430946 2388 0.38430946
0.0020 399 0.38826674 797 0.38826649 1194 0.38826649
0.0050 160 0.39858125 319 0.39858065 478 0.39858065
0.0100 80 0.41340493 160 0.41340373 240 0.41340373
0.0200 41 0.43895404 80 0.43895206 120 0.43895206
0.0500 17 0.50165618 33 0.50165256 49 0.50165255
0.1000 9 0.58657440 17 0.58657013 25 0.58657012
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(46a)
When Δm = 1 and N1 = N + 1, the right side of this equa-
tion provides an estimate of the needed summation when 
N2 = N1 − Δm/2 ≈ N; that becomes
(46b)
Then, the expected error after replacing the summations in 
Equations (45a) and (45b) is
(47a)
and for function Ψ2 is
(47b)
This indicates that the expected error of exp(−Kmax), as given 
by Equation (42), should be reduced by a factor of 1/(Nπ2).
It is also possible to enhance the accuracy of the wall tem-
perature values, using a moderately high value of N, by add-
ing and subtracting the same function in different functional 
forms. Accordingly, Equation (40) for determination of the 
surface temperature at y‾ = 0 takes the form
(48a)
Repeating this algebraic process for Equation (37) produces 
the similar summation terms and it leads to the relation
(48b)
The functions Li1 and Li2 in Equations (48a) and (48b) are stan-
dard classical function; e.g., called PolyLog function in the 
standard symbolic software Mathematica [24]. By definition, 
the PolyLog function describes the summation below
The convergence of Equation (48a) at x‾ = 0 is numerically 
demonstrated in Table 2. The error of the summation when 
Pe/(πN)  1 is deterministic for each of the summations in 
Equation (48a) which are the same as those in Equation (48b). 
The error in the first summation becomes
 
  
This error vanishes when x‾ = 0 and, as x‾ increases, its contri-
bution remains negligibly small. The error for the second sum-
mation in Equation (48a) is
 
 
The numerical values of these errors can be estimated using 
Equation (46b). The results show significant error reductions in 
comparison to those from Equations (47a) and (47b), especially 
when  x‾ is small. Note that the maximum value of a function 
x‾exp(–ax‾) is equal to exp(–1)/a < 1 while a > 1 in these relations. 
As a test case, it is to be noted from data in Table 2 that N = 50 
yields a temperature of 0.379477160 with 9 accurate decimal 
places for Pe = 2. This clearly agrees with the estimated error, 
using Equation (46b), to be (1/16) (Pe/π)5/(4N4) = 2.61 × 1010. 
However, now instead of needing 50,000 terms, only 50 terms 
are needed and this is a very satisfactory feature.
Figure 2 shows the behavior of dimensionless wall temper-
ature k(Tw − Ti)/(qwH) as a function of axial coordinate x/H, 
for different Peclet numbers Pe = UH/α. The plotted values 
show a rapid rise in the wall temperature as Pe reduces to be-
low 2. This graph includes information directly acquired from 
Equations (35a) and (38a). Using an energy balance, one can 
show that the slope of these lines should approach 1/Pe at 
large values of x/H.
Table 2. Temperature at x = 0 and y = H for various Pe numbers and numbers of terms. 
N Pe = 1 Pe = 2 Pe = 5 Pe = 10 Pe = 20
10 1.147490518 0.379477126 0.128136988 0.063659935 0.031799074
20 1.147490522 0.379477158 0.128137472 0.063663770 0.031828708
50 1.147490522 0.379477160 0.128137507 0.063664049 0.031830926
100 1.147490522 0.379477160 0.128137508 0.063664057 0.031830985
200 1.147490522 0.379477160 0.128137508 0.063664057 0.031830988
500 1.147490522 0.379477160 0.128137508 0.063664057 0.031830989
1000 1.147490522 0.379477160 0.128137508 0.063664057 0.031830989
Figure 2. Dimensionless surface temperature k(Tw − Ti)/(qwH) of a 
moving solid as a function of x/H for different dimensionless veloci-
ties Pe = UH/α, when qw = constant at x > 0.
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In the presence of a discrete heat flux, of a constant value in 
the region between x = 0 and x = Δx, and zero heat flux else-
where, Equation (31) takes the form
(49)
This simplifies the computational procedure and Figure 3 
shows the dimensionless wall temperature k(Tw − Ti)/(qwH) as 
a function of axial coordinate x/H, for different Peclet num-
bers Pe = UH/ and for heating limited to a small area. The 
heated zone is symmetric and it has a size Δx/H = 1. It is to be 
noted that, when Pe = 1, the temperature rapidly approaches 
its limiting value (Δx/H)/Pe = 1/Pe. This asymptotic behavior 
is realized at larger values of x/H as Pe increases.
For the next example of the application of this methodol-
ogy, the moving solid between the two parallel plates is re-
placed by a laminar fluid flow with a velocity profile
(50)
where U is the average velocity. The method of determination 
of eigenvalues using an extended Graetz-type solution is pre-
sented in [18] and an alternative methodology is presented in 
[12]. Figure 4 shows the dimensionless wall temperature as a 
function x/H, for different Pe = UH/ values, for heating over 
the region x > 0. The data in Figure 4 behave similar to those in 
Figure 2 except they have higher values near the thermal en-
trance location. To show this effect for a finite heat source at 
the wall, Figure 5 is prepared similar to Figure 3 except it is 
for a moving fluid. The entries in Figure 5 behave similar to 
those plotted in Figure 3 except they have higher values near 
the thermal entrance location.
8. Conclusion
The study presented herein indicates that the contribution 
of axial conduction becomes significant when the velocity in a 
moving body is relatively small. This effect causes significant 
upstream temperature penetration when the Peclet number is 
small. The data for the limiting case of slug flow between two 
parallel plates indicate this behavior. Indeed, for flow through 
a clear passage, this upstream temperature penetration signif-
icantly increases.
The steady-state Green’s function solution, in Equation (8), 
provides useful information for application to flow in micro-
channels and through porous passages. In addition to the ther-
mal effect of the wall conditions, it accommodates the contri-
bution of frictional heating. This solution methodology also 
has useful applications in electronic cooling. With appropriate 
eigenfunctions, one can determine the thermal effects of dis-
cretely placed energy sources along the walls.
Appendix A. 
When function θ is the temperature solution in a moving 
body with constant cross-section, this solution, in the presence 
of homogeneous boundary conditions, can be specified as
Figure 3. Dimensionless surface temperature k(Tw − Ti)/(qwH) for a 
moving solid as a function of x/H for different dimensionless veloci-
ties Pe = UH/, when qw = constant at 0 < x/H < 1.
Figure 4. Dimensionless surface temperature k(Tw − Ti)/(qwH) of a 
moving fluid as a function of x/H for different dimensionless veloci-
ties Pe = UH/, when qw = constant at x > 0.
Figure 5. Dimensionless surface temperature k(Tw − Ti)/(qwH) for a 
moving fluid as a function of x/H for different dimensionless veloci-
ties Pe = UH/, when qw = constant at 0 < x/H < 1.
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(A.1)
This solution must satisfy the homogeneous form of the dif-
fusion equation, Equation (1) with S = 0. Then, the function 
fm(y, z) within this series solution for any index m must satisfy 
the relations
∇·(k∇fm (y,z) + λm (λmk + Cu) fm (y,z) – ω2fm (y,z) = 0        (A.2a)
Also, when fm(y, z) is replaced by gn(y, z) and λm replaced by 
βn, Equation (A.2a) becomes
(A.2b)
It is to be noted that fm(y, z) = gn(y, z) when m = n and λm = βn. 
After multiplying Equation (A.2a) by gn(y, z) and Equation 
(A.2b) by −fm(y, z) and, after adding the resulting relations, it 
yields,
 ∇·(k∇fm (y, z) gn (y,z) – ∇·(k∇gn (y, z) fm (y, z)
                      = – λm (λmk + Cu) fm (y, z) gn (y, z)
+ βn (βnk + Cu) fm (y,z) gn (y,z)              (A.3)
Adding and subtracting the quantity
 λm βn k fm (y, z) gn (y, z)
to the right side of this Equation (A.3) produces
 ∇·(k∇fm (y, z) gn (y, z) – ∇·(k∇gn (y, z) fm (y, z)
     = – λm [(λm + βn)k + Cu] fm (y, z) gn (y, z) 
+ βn [(λm + βn)k + Cu] fm (y, z) gn (y, z)               (A.4)
This equation is to be integrated over the area normal to the 
x-direction and after using the procedure in Equation (10.14) 
within Beck et al. [1], one gets
(A.5)
The right side of this equation unconditionally vanishes for 
boundary conditions of first, second, or third kind and this makes
(A.6)
This represents the orthogonality condition; and there are 
three possible cases: The first case appears when the product 
βbλm < 0 and for this case
(A.7)
unconditionally. The second case is when βnλm > 0 and βn < 0. 
For this case, one can replace λm with βm in Equation (A.6) to 
get the orthogonality condition
                                                                      when
when                    (A.8a)
and this makes
(A.8b)
since λm can be positive or negative. Finally, case 3 is when βn 
λm > 0 and λm > 0. This case, replacing βn with λn in Equation 
(A.6), modifies Equations (A.8a) and (A.8b) to read
                                                                         when
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